Based on Euler-Bernoulli beam theory and a continuous stiffness beam model, the free vibration of rectangular-section beams made of functionally graded materials (FGMs) containing open edge cracks is studied. Assuming the material gradients follow exponential distribution along beam thickness direction, the conversion relation between the vibration governing equations of a FGM beam and that of an isotropic homogenous beam is deduced. A continuous function is used to characterize the bending stiffness of an edge cracked FGM beam. Thus, the cracked FGM beam is treated as an intact beam with continuously varying bending stiffness along its longitudinal direction. The characteristic equations of beams with different boundary conditions are obtained by transfer matrix method. To verify the validity of the proposed method, natural frequencies for intact and cracked FGM beams are calculated and compared with those obtained by three-dimensional finite element method (3D FEM) and available data in the literature. After that, further discussions are carried out to analyze the influences of crack depth, crack location, material property, and slenderness ratio on the natural frequencies of the cracked FGM beams.
Introduction
Functionally graded materials (FGMs) are composite materials made from at least two components that follow a certain material gradient distribution. Because the characteristics of FGMs change continuously in the gradient direction, their fatigue properties are improved [1] . Extensive research works on FGM structures have been undertaken because of the wide range of applications of FGMs [2] [3] [4] [5] [6] [7] [8] [9] . Benatta et al. [2] investigated the static bending problem of composite beams composed of various fibers using analytical methods. Ding et al. [3] deduced the stress function of the plane problem for anisotropic FGM beams. Ben-Oumrane et al. [4] studied the static bending of ceramic-metallic FGM beams and quantitatively analyzed the effects of material gradient on the deformation and stress of such beams using the numerical method. Li et al. [5] evaluated the 3D analytical solutions of functionally graded magnetoelectroelastic circular plates subjected to uniform load using polynomial expansion method. Li et al. [6] further obtained the 3D elasticity solutions of functionally graded circular plates by reducing the solutions of an FGM plate to those of a homogeneous plate. Li et al. [7, 8] , assuming that the material gradients follow power functions along thickness direction of FGM beams, obtained the elastic solutions of buckling and bending problems of FGM beams and determined the conversion relations between the solutions of FGM beams and those of homogeneous beams. Arnaldo and Mazzei [9] studied the natural frequencies of rotating FGM beams using assumed mode method and discussed the effects of material properties on natural frequencies of the beams.
The presence of cracks can lead to structural failures and sometimes results in disasters. Moreover, a crack in a structure influences its dynamic behaviors and such an influence may be employed in the crack identification of a damaged structure to predict an incipient structural failure [10] . Therefore, the recognition of this influence is very important due to its great values of practical application. There are a number of theoretical crack-modeling techniques in the literature, which can be basically grouped into two categories: lumped flexibility models [10] [11] [12] [13] [14] [15] and continuous stiffness models [16] [17] [18] [19] [20] [21] [22] . For the lumped flexibility models, a crack is represented by a rotational spring. The flexibility matrix of the rotational spring is generally determined by the strain energy release rate and the stress intensity factors (SIFs). Dimarogonas [10] , based on Euler-Bernoulli beam theory, introduced the initial local flexibility model in which a crack in a beam is represented by a linear rotational springs. Anifantis and Dimarogonas [11] , ignoring the torsion effects, came up with a 5 × 5 local flexibility matrix of the rotational springs. Papadopoulos and Dimarogonas [12] raised a complete 6 × 6 local flexibility matrix based on fracture mechanics theories. In recent years, many research works have been done to study the cracked beams by means of the lumped flexibility models. For example, Xiang et al. [13, 14] investigated the natural frequencies and identification problems of cracked shafts; a lumped flexibility model and the wavelet theories are employed to construct the rotating Rayleigh-Euler and Rayleigh-Timoshenko beam elements. Li et al. [15] , with the cracks modeled by the linear rotational springs, studied the dynamic responses of cracked Timoshenko beams subjected to transverse concentrated forces. For the continuous stiffness models, researchers attempt to describe the vibration of cracked beams with unified equations in which the information of crack location and crack depth is involved. Using the Hu-Washizu variation principle, Christides and Barr [16] , assuming that the stress near a crack follows exponential distribution, completed the 1D integration of stress, strain, and displacement in the edge cracked beam. Subsequently, Christides and Barr [17] expanded their study to the torsion vibration of beams and came up with the corresponding governing equation for the beams containing multiple cracks. Shen and Pierre [18] verified the validity of Christides and Barr's theories with 2D finite element method. Chondros et al. [19] , not limited by the stress assumption in [16] , developed the continuous beam models. Based on the energy distribution near the cracktips, Swamidas et al. [20] established continuous bending and shearing stiffness models for the cracked beams. Chomette et al. [21] , by means of the continuous beam models, proposed a new method to detect the small cracks in beam structures.
Whatever method is used to model the cracked beams, the models do involve the fracture mechanics theories and stress intensity factors (SIFs). Delale and Erdogan [22] [23] [24] [25] performed a lot of detailed researches on the SIFs in nonhomogeneous structures and came up with many important conclusions. They researched the plane problem in infinite plates and drew the conclusion that the effect of Poisson's ratio on the SIFs is very limited [22] . They also investigated the stress distribution near the crack-tip of the FGM plates containing open edge cracks and tabulated the dimensionless SIFs of the cracks of different crack depths and different material gradients [25] . Chan et al. [26] presented an integral equation formulation based on displacement method, which was used to deal with the antiplane problem of FGM plates containing the tearing cracks.
While numerous studies have been performed to investigate the influences of the cracks on the dynamic behaviors of isotropic homogenous beams, there are also some research works focusing on the edge cracked FGM beams which are concerned in this paper. The following presents a literature review related to FGM beams with open edge cracks. Yang and Chen [27] studied the free vibration of cracked FGM beams based on Euler-Bernoulli beam theory and the rotational spring model. The influences of crack location, material properties, and slenderness ratio on the natural frequency of cracked FGM beams were discussed. Ke et al. [28] improved the method described in [27] for cracked Timoshenko FGM beams. Yu and Chu [29] proposed a p-version finite element method to determine the natural frequencies of cracked FGM beams and dealt with the crack identification of the slender cantilever FGM beams containing open edge cracks. Based on Euler-Bernoulli beam theory and the rotational spring model, Aydin [30] used a third-order determinant to analyze the natural frequencies of damaged FGM beams containing arbitrary numbers of cracks.
As is known, natural frequencies are the most commonly used parameters employed in the crack identification of a damaged structure [30] . However, the literature review above shows that a limited amount of research works has been carried out to discuss the vibration problems of edge cracked FGM beams. Moreover, in most reports, rotational springs are used to simulate the cracks in FGM beams. Therefore, the present paper investigates the free vibration of FGM beams containing open edge cracks and proposes a new method to determine the natural frequencies of these beams. More specifically, based on Euler-Bernoulli beam theory, the conversion relation between vibration governing equation of a FGM beam and that of an isotropic homogenous beam is deduced, and a cracked FGM beam is simulated by a continuous beam model. Moreover, the cracked FGM beam is treated as an intact beam with its bending stiffness varying continuously along beam longitudinal direction. Dividing the beam into sufficient number of segments and employing the transfer matrix method, the characteristic equation of the beam is obtained. The validity of the proposed method is verified by the three-dimensional finite element method (3D FEM) and the data in references. Furthermore, the influences of crack depth, crack location, material gradient, and slenderness ratio on the first three natural frequencies of the cracked FGM beams are discussed. The method and the results in this paper can be used for nondestructive testing of beam structures made of FGMs.
Theoretical Models

Free Vibration of an Intact FGM Euler-Bernoulli Beam.
A FGM Euler-Bernoulli beam, which is considered in this paper, is shown in Figure 1 , where , ℎ, and are, respectively, length, height, and width of the beam, is the location of the crack and, is the depth of the crack. The material parameters 1 , 1 , 1 , and 2 , 2 , 2 denote Young's modulus, shear modulus, and mass density at top and bottom surfaces of the beam, respectively. Young's modulus ( ), shear modulus ( ), and mass density ( ) are assumed to vary along the thickness direction according to the following expressions: 
where ( , , ) and ( , , ) are the displacements along and axes and 0 ( , ) and 0 ( , ) are the displacements of a point in the middle layer. Accordingly, the following geometric equation can be obtained as
where ( , , ) is the normal strain of an arbitrary point in the beam. Assuming the normal stress keeps in a linear relationship with the normal, strain , the normal stress can be written as
With (4), the resultant stresses in a cross section of the beam yield the normal force and bending moment :
where 1 , 1 , and 1 are, respectively, defined as
According to Euler-Bernoulli beam theory, the equilibrium equations of the beam are given by [8]
where = ∫ ( ) is the mass per unit length and ( , ) the transverse distributed load. For free transverse vibration of the beam, substituting (7) into (8) and ignoring the incentive item ( , ) in (8), the following governing equation can be reduced:
For the situation that the material gradient follows exponential distribution along beam thickness direction, as given in (1), two parameters can be defined as follows:
As thus, 1 , 1 , 1 , and in (7) and (8) can be represented as
where is the area of cross section and is the moment of inertia of a rectangular-section beam ( = ℎ 3 /12) and
Substituting (10)- (12) into (9) yields
where
From (13), it can be found that, with the nonuniform material coefficients and , the governing equation of the FGM beam can be converted to the form which is similar to that of an isotropic homogenous beam. Thus, the solving process of a FGM beam can be degenerated to that of an isotropic homogenous beam.
Free Vibration of a FGM Beam Containing an Open
Edge Crack. Based on fracture mechanics theory, for a rectangular-section beam subjected to bending moments and containing an open edge crack, if /ℎ ≤ 0.6, Swamidas et al. [20] proposed the following continuous bending stiffness model:
In (15), is the bending stiffness of an intact beam and ( , ) and ( ) are parameters associated with and and are given as [20] ( , )
In (16) 
where Ι is the SIF of the crack. For open edge cracks in FGM beams, the values of the SIFs for different crack depths (from /ℎ = 0.1 to /ℎ = 0.7) and different material gradient (from 2 / 1 = 0.1 to 2 / 1 = 10) were tabulated by Erdogan and Wu [25] . Extracting from those data predicted by Erdogan and Wu [25] , polynomial expressions of the normalized SIFs were obtained by Ke et al. [28] using Lagrange interpolation technique and the detailed expressions can be found in [28] . According to the continuous bending stiffness characterized by (15) , a cracked FGM beam can be treated as an intact beam with continuously varying bending stiffness along its longitudinal direction. The governing equation of free vibration of the cracked FGM beam takes the form of a nonuniform beam as
where , , and 0 ( ) have been, respectively, defined by (14) and (15) . Being different from (13), the analytical solutions of (18) cannot be solved by separation variable method. However, the numerical solutions of (18) can be obtained by means of transfer matrix method. For a beam with varying section parameters along its longitudinal direction, we can divide the beam into segments. If the length of each segment is short enough, the bending stiffness ( ) ( = 1, 2, . . . , ) and the linear density ( ) ( = 1, 2, . . . , ) for each segment can be treated as constants. Then, the governing equation of each segment can also take the following form of a uniform beam:
In (19) , the bending stiffness and the linear density of (i)th segment can be described as
where , −1 and denote the length and the coordinates of left end and right end of the (i)th segment. According to Euler-Bernoulli beam theory, the modal function of the (i)th segment of the beam takes the form of
. . , , and , , and are coefficients to be determined associated with the (i)th beam segment and
In (22), is the circular frequency of the beam. Similarly, the modal function of the (i+1)th beam segment reads
For the continuity between the ( )th and ( +1)th segment, the transverse deflection, rotation angle, bending moment, and shear force at the common interface of these two segments are required to fulfill the following conditions:
Substituting (21)- (23) into (24) yields
In (25), Z ( ) is the transfer matrix and has the form of
= sinh , and (4) = cosh . Equation (25) can be viewed as a bridge connecting the physical quantities pertinent to the (i)th and (i+1)th segment. Using (25) repeatedly, we may construct the following relations between the first and the last segments:
Shock and Vibration 5 where M (1) and M ( ) are vectors, respectively, representing the boundary conditions (transverse deflection, rotation angle, bending moment, and shear force) at both ends of the beam; the transfer matrix Z is of the following form:
It should be noted that each factor of the matrix Z contains the circular frequency. Consequently, (28) is an implicit matrix equation in . Once the boundary conditions in M (1) and M ( ) are given, the circular frequency of the cracked FGM beam can be numerically determined from (28) . Then, the modal function can be readily obtained from (21).
Characteristic Equations for Different Boundary
Conditions. In this subsection, the characteristic equations of cracked FGM beams are presented. Three typical boundary conditions (hinged-hinged, clamped-clamped, and clamped-free) are considered case by case.
For a hinged-hinged beam, the boundary conditions are given as
From (21) and (30a), one can readily have
In view of (21) and (30b), the following matrix equation can be obtained
where Λ 1 takes the form of
Substitution of (28) into (32) leads to
With (31) and (34), it can be obtained that
To make sure there are nonzero solutions for (36), the determinant of the coefficient matrix in (36) has to be equal to zero, so the characteristic equations of the hinged-hinged FGM beam can be finally written as
For clamped-clamped beams the boundary conditions require that
Substituting (21) into (38a) leads to
From (21) and (38b), one has
where Λ 2 has the form of
Substituting (28) into (40) derives
The characteristic equation of the clamped-clamped FGM beam can be determined as
For clamped-free beams, the boundary conditions are given by
With the derivation similar to the above, using (44a), (44b), and (21), it can be obtained that where
In the same way, following matrix equations can be obtained as
The characteristic equation of the clamped-free FGM beam can be obtained as
It should be noted that the characteristic equations of beams under other arbitrary boundary conditions can also be determined using the derivation processes above.
Validation of the Proposed Method
At first, the convergence of the proposed method is discussed. Dividing a hinged-hinged beam of 2 / 1 = 1, / = 0.5, and /ℎ = 10 into segments, the natural frequencies of the beam with an open edge crack of different depth are determined. The material and physical parameters of the beam in this case are consistent with those of Yang and Chen [27] and are listed in Table 1 . Figure 2 shows the first three natural frequencies of the beam when different value of is adopted. The good convergence of the proposed method can be observed in Figure 2 . The curves in the figure show that, for a beam with a crack of different depth, the frequency of each order reaches corresponding convergent solution when is larger than 64.
To verify the validity of the method in this paper, comparisons of the results obtained from the present method with those from 3D FEM and available data in the literature are presented. A MATLAB code is written to achieve the theoretical solution in this paper, and the commercial software package ABAQUS is used to complete the 3D FE simulation. During 3D FE simulation, according to the fact that a FGM beam can be modeled as a multilayer beam when a sufficient Figure 3 . The material parameters are constant in each layer and the average values of the top and bottom surfaces of the corresponding layer.
The first three frequencies of intact FMG beams ( /ℎ = 10) with different material gradients are calculated by the present method and 3D FEM. The material and physical parameters of the FGM beams discussed in this case are those listed in Table 1 . The frequencies of clamped-free, hinged-hinged, and clamped-clamped FGM beams determined herein and those of Yang and Chen [27] are listed in Table 2 shows that the frequencies calculated by the present method agree well with the results of 3D FEM and those of Yang and Chen [27] . As stated in [27] , with the identical valve of √ 0 / 0 , the nondimensional natural frequencies of beams of 2 / 1 = 2 / 1 = 0.2 and 2 / 1 = 2 / 1 = 5.0 are identical in Table 2 .
In another validation example, the first natural frequencies of isotropic homogeneous cantilever beams with a single crack at midspan are calculated. Figure 4 shows a comparison of the fundamental frequency ratios obtained by the present method and those of Chondros et al. [19] . The material and physical parameters are taken from [19] and are listed in Table 3 . The fundamental frequency ratio 1 / 1 denotes attenuation of the fundamental frequency for the cracked beam, 1 is the fundamental frequency of the cracked beam, and 1 is the fundamental frequency of the intact beam. Figure 4 shows that the present results correlate well with those theoretical results and experimental data of Chondros et al. [19] at different crack depths up to /ℎ = 0.6.
By the proposed method and 3D FEM, the first two frequency ratios of a hinged-hinged FGM beam with an open edge crack at varying locations are determined. Figure 5 gives a comparison of the results herein and those in [27, 29] . The slenderness ratio of the beams is /ℎ = 20, the crack depth ratio is /ℎ = 0.2, and the material and physical parameters are those in Table 1 . Figure 5 confirms that the present results are highly similar to those of [29] and 3D FEM.
In the last verification example, the fundamental frequency of a FGM beam containing a single crack at the midpoint of the beam is calculated assuming that crack depth varies from /ℎ = 0 to /ℎ = 0.5. Young's modulus ratio is Table 4 . It can be found that, for the FGM beams with different slenderness ratios and crack depths, the present results are extremely close to those obtained by 3D FEM. Due to the tiny precision decrease of the bending stiffness model for deeper cracks, the errors in Table 4 increase slightly with the increase of the crack depth. However, the errors remain at very low levels even in the case in which the crack depth ratio increases to /ℎ = 0.5.
With the examples and the comparisons above the validity and accuracy of the present method are demonstrated.
Numerical Results and Discussions
After testing the proposed method, a series of vibration analysis of cracked FGM beams are carried out to discuss Shock and Vibration the influences of crack depth, crack location, distribution of material property, and slenderness ratio on the natural frequencies of the cracked FGM beams. The materials and physical parameters used in the following discussions are provided by Table 1 . The plots of the first three natural frequency ratios of hinged-hinged cracked isotropic homogenous beams with different slenderness ratios are shown in Figure 6 . The crack depth in this case increases gradually from /ℎ = 0 to /ℎ = 0.5 and the crack location remains constant at / = 0.5. As expected, the first three frequency ratios decrease as the crack depth rate increases. The presence of cracks causes severer frequency attenuation for beams with smaller slenderness ratio, which indicates that the natural frequencies of beams with lower slenderness ratios are more sensitive to cracks. Figure 6 also shows that such a trend becomes more obvious for beams with deeper cracks. Figure 7 shows the first three natural frequency ratios of cracked FGM beams with common slenderness ratio /ℎ = 20 but different Young's modulus ratios 2 / 1 . The cracks are located at midpoints of the beams. For beams with lower Young's modulus ratios, lower frequency ratios of the FGM beams may be observed under the same crack depth. This observation indicates that FGM beams with lower Young's modulus ratios are more sensitive to the cracks. Figure 7 further shows that such a trend is fairly obvious even if the crack depth is very shallow ( /ℎ < 0.1). Figures 8 and 9 show the first three frequency ratio curves of cracked FGM beams with a common crack depth of /ℎ = 0.3 and varying crack locations. Beams with the same Young's modulus ratio 2 / 1 = 0.2 but different slenderness ratios are shown in Figure 8 , while beams with common slenderness ratio /ℎ = 20 but different Young's modulus ratios are shown in Figure 9 . It is seen from Figures 8 and 9 that the natural frequency ratios vary with the normalized crack location. Maximum frequency attenuation can be observed at / = 0.5, / = 0.25 and 0.75, and / = 0.167 and 0.833 for the first, second, and third mode, respectively. By contrast, for the first three modes in turn, the frequency attenuation is not obvious when the crack is located at the ends, at / = 0.5 and at / = 0.333 and 0.667. That means when cracks are located at nodal points of the mode shape, these cracks present very slight effects on natural frequencies; cracks lead to the most significant frequency attenuation when they are located at the position where maximum displacement of the mode shape occurs. Figures 8 and 9 further show that the effects of cracks on higher order frequencies of the hingedhinged FGM beams tend to decline. Moreover, it can be observed in Figure 9 , when 2 / 1 = 5.0 that the minimum frequency ratios of the first three orders in turn are 09899, 0.9904, and 0.9908, which contrasts the values of 0.9332, 0.9429, and 0.9501 obtained at 2 / 1 = 0.2. That means the narrowing amplitude of frequency attenuation in higher order frequencies tend to be more obvious for the FGM beams with lower Young's modulus ratio. ratio are more sensitive to the presence of cracks. Moreover, if cracks are located at nodes of mode shapes, minimal effects on cracked FGM beams may be observed. Cracks lead to maximum effects if they are located at the position where maximum displacement of the mode shape occurs. The effects of cracks on the higher-order frequencies of hingedhinged FGM beams tend to decelerate, and such a trend becomes more obvious in FGM beams with lower Young's modulus ratio.
Conclusions
The main feature of this study is that, with the continuous stiffness model and the transform relation between FGM beams and isotropic homogeneous beams, the cracked FGM beam is treated as an intact beam with continuously varying bending stiffness along its longitudinal direction. Such an intact beam is divided into a sufficient number of segments and the transfer matrix from the first segment to the last segment is obtained based on the continuous conditions between interfacing segments. Then the characteristic equations and natural frequencies are determined for beams with given boundary conditions. Not limited to the discussions in this paper, the proposed method can be applied to cracked FGM beams with varying cross-sections and multiple cracks.
It should be noted that this study considers the cracked Euler-Bernoulli FGM beams containing open edge cracks only and the effects of damping are ignored. Therefore, the method proposed herein needs to be modified if it is to be
